Quantum measurements and the associated state changes are properly described in the language of instruments. We investigate the properties of a time continuous family of instruments associated with the recently introduced family of general Gaussian non-Markovian stochastic Schrödinger equations. In this Letter we stipulate the conditions for the family of instruments to be consistent with the requirements of a time continuous quantum measurement. We find that for pure dephasing of an N -level system the additional freedom of allowing non-Hermitian correlations do lead to a time continuous quantum measurement even beyond the usual white noise limit. As an example we elaborate the case of Ornstein-Uhlenbeck noise.
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Introduction.-Open quantum system dynamics and quantum measurement have a lot in common; both are described in terms of completely positive maps [1] . Since practically any quantum system is coupled to an environment [2] , detailed understanding of the intricate connections between the two physical processes is necessary for both fundamental and applied research. For example, proper understanding of relaxation of a driven atom inside a leaky cavity is provided by the theory of open quantum systems [3] whereas the homodyning of the emitted light can be understood on the level of microscopical physical processes in terms of a time continuous measurement [4] . Averaging over all possible measurement records in the latter case, provides the correct relaxation dynamics of the driven open system, thus reconciling the two approaches.
More recently, the role of quantum measurements on the thermodynamical properties of open quantum systems have been theoretically investigated [5] [6] [7] . In current experiments, the individual conditional trajectories of continuously measured weakly coupled open quantum systems can be tracked [8, 9] . With the eye on possible future experiments and quantum technologies, it is important to understand whether time continuous measurement interpretation is possible and how relevant conditional trajectories should be constructed when the open system is strongly coupled to its environment and possible memory effects are at play [10, 11] . An open quantum system can be studied in many different ways. One of the most widespread is the usage of master equations for the reduced state, both in the time local [2] and time non-local form containing memory integrals [12, 13] . In this article we focus on a different description, namely on unravelings of the reduced state evolution in terms of time continuous stochastic Schrödinger equations (SSEs). Applicability of such descriptions range from Markov evolutions [14] , i.e. fulfilling the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation [15, 16] , to highly non-Markovian dynamics in terms of non-Markovian quantum state diffu-sion [17, 18] . The SSE formalism is well developed in the Markov case, where a complete parametrization of diffusive SSEs has been known already for some years [19, 20] . Similar progress in the non-Markovian regime has been made only recently by the introduction of the general Gaussian non-Markovian SSEs as well as the microscopically derived generalized Gaussian non-Markovian SSEs [10, 11, [21] [22] [23] .
One advantage of stochastic descriptions of the dynamics in the Markov regime lies in their physical interpretation. A single trajectory corresponds to an evolution that is conditioned on time continuous monitoring of the environment of the open system [24] . For non-Markovian diffusive trajectories driven by complex valued colored Gaussian noise, so far only a single-shot measurement interpretation has been established [25] [26] [27] [28] [29] [30] . In [31] , using a complementary approach to ours, the authors show that linear diffusive SSE driven by a real valued Ornstein-Uhlenbeck process leads to random unitary type dynamics. Yet, an important still unanswered question remains; whether a time continuous measurement interpretation can be established for the trajectories of the new class of Gaussian non-Markovian SSEs.
The general Gaussian SSEs contain two types of correlation functions. Only the Hermitian (bath) correlation function α(t, s), occurring also in the standard SSEs, affects the reduced density operator evolution. The non-Hermitian correlation function η(t, s) influences only the properties of the stochastic trajectories. The new freedom in the description of the open quantum system dynamics introduced by the correlation η(t, s) has already turned out to be beneficial for tasks where optimization over different pure state decompositions is needed, such as entanglement detection, entanglement bounds and entanglement protection [11, 32, 33] . Consequently, it is a natural idea to examine whether the stochastic trajectories in this general description have a time continuous measurement interpretation beyond the white noise limit.
General Gaussian non-Markovian SSEs.-In this Letter we investigate the general Gaussian non-Markovian SSEs postulated in [10, 21] . The SSEs in question take the form
where the stochastic states |ψ t (z * ) are not normalized and the initial state is the same for all trajectories: |ψ 0 (z * ) = |ψ 0 . H S is a Hamiltonian of the open system, L is an operator describing the coupling of the open quantum system to its environment. We have already assumed that the assignment δ δz *
can be calculated exactly for many relevant systems, otherwise one has to turn to some approximation scheme [34, 35] .
The functions α(t, s) and η(t, s) are, respectively, the Hermitian and non-Hermitian correlation functions of the Gaussian complex noise z * t completely specified by its mean M[z * t ] = 0 and correlations
where the averages are taken with respect to the corresponding Gaussian probability density. By construction, the reduced density operator ρ evolves according to a completely positive and trace preserving map Φ t obtained by averaging over the trajectories obeying (1);
. Indeed, the family of stochastic pure states {|ψ t (z * ) } z * unravel the reduced evolution. Rather surprisingly, the averaged reduced dynamics depends only on the Hermitian correlation α(t, s), whereas the dependency on the non-Hermitian correlation η(t, s) occurs only in the trajectories |ψ t (z * ) .
The most general form for the Gaussian non-Markovian SSE is obtained when the functions α(t, s) and η(t, s) are only constrained by a general positivity condition, which guarantees that they are correlation functions for some complex Gaussian noise z * t [10, 21] . Currently, a microscopic derivation from first principles is only known for a certain subclass of general Gaussian non-Markovian SSEs, specified by particular stationarity properties of the noise [11] .
Measurement interpretation -quantum stochastic approach.-We introduce the quantum stochastic formalism of time continuous measurement and apply it to the stochastic open system states |ψ t (z * ) [29, 36, 37] . To be self-contained, we briefly sketch the method (essentially reproducing the results of [29] ), leading to a compatibility demand given in Eq. (10) for the family of instruments describing the time continuous measurement.
We begin by recalling the notion of an instrument [38, 39] . Let (Ω, F ) be a measurable space, where Ω is a set and F is a σ-algebra on Ω. An instrument Y (·)[·] : F × T (H S ) → T (H S ) is a linear, normalized (Tr(Y (Ω)[A]) = Tr(A)), trace non-increasing and completely positive map. T (H S ) denotes all trace class operators on the system Hilbert space H S . With a given instrument Y (·)[·] and pre-measurement state ρ, the probability to verify an event F ∈ F is:
and the corresponding post-measurement state reads
As shown by Ozawa in [40] , the related indirect singleshot measurement interpretation exists. By transition to time continuous measurement, one introduces a family of measurable spaces (Ω t , F t ), parametrized by the time t ≥ 0. Here, Ω t is a set of all possible measurement records, which in our case is an appropriate space of functions. The measurement scheme is then described by the corresponding family of instru-
Causality sets an additional constraint on Y: Probability of verifying an event F s has to be invariant with respect to measuring up to some later time t > s (F s ⊂ F t ) and discarding the gained information. Consequently, the following 'compatibility demand' has to be satisfied for all s : 0 < s < t: It was shown in [36] that a general continuous quantum measurement can be described in an integral form containing stochastic evolution operators {V i t } i , satisfying orthonormality relation. As both the initial and the final states of our stochastic trajectories are rank 1, the continuous measurement is described by a single stochastic operator V t for a fixed time t (an efficient measurement [41] ). More than that, any instrument corresponding to an efficient measurement can be decomposed in terms of a positive scalar measure µ t : F t → I ∈ [0, ∞) and stochastic evolution in the following form [36, 37] 
where x t is a measurement record till time t. The associated probability for measuring a record in the vicinity of x t and the post-measurement state read, respectively,
|ψ
where |ψ(0) is the initial state. In [37] , additional conditions on stochastic evolution operators were set, which are, however, equivalent to the compatibility demand (5) .
General stochastic Schrödinger equations.-By investigating the general SSEs in terms of existence of a time continuous measurement interpretation, the following three demands on our construction are plausible [29] :
i) The compatibility demand (5) Note, that iii) does not follow from ii), as ii) contains no statement about the measurement probabilities. As elaborated in [29] , the stochastic evolution operator V t s (z * t ) can be set to be equal to a two-time propagator
where G t (z * t ) is the stochastic propagator corresponding to (1): |ψ t (z * ) = G t (z * t )|ψ(0) . Further, the stochastic propagator G t (z * t ) is a functional of the noise process
Here, the complex noise z * t up to time t is itself a measurement signal, an assignment which can be done w.l.o.g. when the operator O(t, s, z * ) occurring in the general Gaussian SSE (1) has at most linear dependence on z * t . This is the case for many relevant systems, including the example we discuss later. The condition iii) is then satisfied only when the scalar measure µ t (dz * t ) from Eq. (6) is the Gaussian probability measure ν t (dz * t ) of the complex noise z * t in Eq. (1). Consequently, by applying the Radon-Nikodym theorem [42] , the compatibility demand (5) takes the form [29]
where the M[·|ζ * σ ] := M[·|{z * σ |z * σ = ζ σ , σ ∈ (0, s]}] is a shorthand notation for an expectation value conditioned on the history of a single noise realization z * σ taking values ζ σ from time 0 till time s. From now on, we denote the "past" with σ ∈ I P (s) = (0, s] and "future" with τ ∈ I F (t) = (s, t].
The compatibility demand, Eq. (10), is equivalent to
which states that the norm of the stochastic trajectories is a martingale.
A SSE driven by white noise satisfies (12) which means that the future is independent of the past and conditional mean values can be replaced by unconditional mean values [43] . Accordingly, in the white noise limit the compatibility demand (10) is always satisfied. The general construction introduced above will be investigated in the remaining part of the Letter in terms of a specific model: pure dephasing of an N-level system, for which we derive the compatibility demand (10) . We show that it can be satisfied even beyond the white noise limit. As an example of such a case we examine O-U noise, for which the time continuous measurement interpretation of the associated trajectories is possible.
Example: Pure dephasing.-We apply our formalism to a system with Hamiltonian H S = N n=0 ε n |n n| and coupling operator L = e iϕ/2 H S , describing a pure dephasing of a N -level system. For this model the operator O(t, s, z * ) does not depend on the noise and equals O(t, s, z * ) = e iϕ/2 H S . The stochastic evolution operator takes the form
where A(τ ) = τ 0 du α(τ, u), N (τ ) = τ 0 du η(τ, u). We plug the stochastic evolution operator, Eq. (13), into the compatibility demand, Eq. (10), and obtain
whereε n = e −iϕ/2 ε n , e iϕ/2 ε n † ,ẑ τ = z * τ , z τ † and Σ(τ, u) = M ẑ τẑ † u is the covariance matrix of the noise. After a lengthy calculation, detailed in Supplemental Material [37] , we obtain a necessary condition for the correlations
∀s, t : 0 < s < t and σ ∈ I P . Next we show that the set of Gaussian processes satisfying Eq. (15) is not empty by constructing a specific example.
Ornstein-Uhlenbeck process.-We assume that the noise z * t = x t − iy t driving the dynamics can be decomposed into two independent real valued O-U processes x t , y t . The noises r t satisfyṙ t = −a r r t + √ D r ξ r t , where a r > 0 are the drift-and D r > 0 the diffusion coefficients for r = {x, y}. ξ x t and ξ y t are uncorrelated standard real valued Gaussian white noises [44] .
The conditional mean value of the noise z * t is
The dependency on the history only at time s is a signature of the Markov property of the O-U process, despite its finite correlation time.
We fix φ = π and find that the sufficient condition, which essentially corresponds to vanishing of the relevant conditional mean value with respect to the dynamics, takes the form [45] S := e −2ay(t−s) Im(ζ s )ε n , t > s.
The limit a y → ∞, S vanishes and the compatibility demand is henceforth satisfied. After setting D y = a 2 y and assuming stationary initial conditions for the noises x t , y t , the limit a y → ∞ is sensible [46] . The resulting correlation structure for the O-U process
is compatible with time continuous measurement interpretation. We see that the time continuous measurement interpretation for general non-Markovian Gaussian SSE unraveling of pure dephasing dynamics exists also in a case where both Hermitian and non-Hermitian correlations have finite memory time. The resulting average dynamics for the reduced density matrix is of random unitary type.
Discussion.-The question of the existence of a measurement interpretation for non-Markovian quantum trajectories has a long and vivid history. After the introduction of the general Gaussian non-Markovian stochastic Schrödinger equations, new potential to explore this question has opened up. In this paper we have investigated the possibility to have a time continuous measurement interpretation for the non-Markovian trajectories using the quantum stochastic framework. This framework is very abstract and therefore it has the advantage to describe the measurement process without making any reference to a particular physical measurement setting.
We have shown that the stochastic trajectories of the general Gaussian non-Markovian SSE can have a time continuous measurement interpretation beyond the usual white noise limit. As an example we investigated pure dephasing dynamics of an N -level system where the stochastic dynamics was driven by an O-U process.
An interesting question, which still has to be answered, is how such a time continuous measurement can be implemented experimentally. In [11] the microscopical derivation of the subclass of general SSEs was given, where, however, the time dependency of the Hermitian and non-Hermitian correlations α(t, s) and η(t, s) is incompatible with O-U process introduced above. Accordingly, we hope that our work inspires further investigations on suitable physical interpretation of the stochastic trajectories described by (1) and the associated explicit experimental setup for time continuous measurement.
